SYMMETRIES OF JULIA SETS OF POLYNOMIAL 
SKEW PRODUCTS ON 



KOHEI UENO 

Abstract. We consider the symmetries of Julia sets of polyno- 
mial skew products on C^, which are birationally conjugate to ro- 
tational products. Our main results give the classification of the 
polynomial skew products whose Julia sets have infinitely many 
symmetries. 



1. Introduction 

Any kind of Julia sets of a polynomial map can have symmetries. We 
say that a Julia set has symmetries if some nonelementary transforma- 
tions preserve it. Beardon [1] investigated the symmetries of the Julia 
sets of polynomials on C. He considered conformal functions as sym- 
metries. To generalize the results in one-dimension to those in higher 
dimensions, we |3] previously investigated the symmetries of the Julia 
sets of nondegenerate polynomial skew products on C^. We defined the 
Julia sets as the supports of the Green measures, which are compact, 
and considered suitable polynomial automorphisms as symmetries. In 
this paper, we investigate the symmetries of Julia sets of polynomial 
skew products on C^, which generalize some of these previous results in 
[1] and [3]. We define the Julia sets by the fiberwise Green functions, 
which are close to the supports of the Green measures. However, the 
Julia sets may no longer be compact. 

A polynomial skew product on is a polynomial map of the form 
f{z,w) = {p{z),q{z,w)). More precisely, let p{z) = a^z^ + 0{z^~^) and 
q{z,w) = qziw) = bci{z)w'^ + Oz{w'^~^). We assume that 6 > 2 and 
d > 2. Our results are as follows. First, we define the centroids of / as 
defined in [T], and show that the symmetries of the Julia set of / are 
birationally conjugate to rotational products. The tools of the proof 
are the fiberwise Green and Bottcher functions of /, which also relate to 
the centroids of /. Next, under some assumptions, we characterize the 
group of symmetries by functional equations including the iterates of /. 
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The assumptions are, for example, the normahty of / and the special 
form of the polynomial bd- The normality of /, assuming / is in normal 
form, means that the centroids are at the origin. Finally, we classify 
the polynomial skew products whose Julia sets have infinitely many 
symmetries. Our main results claim that these maps are classified into 
four types. 

This paper is organized into five sections, including this one. In Sec- 
tion 2, we briefly recall the dynamics of polynomials and the relevant 
results on the symmetries of the Julia sets of polynomials. In Section 3, 
we recall the dynamics of polynomial skew products. In particular, we 
review the existence of the fiberwise Green and Bottcher functions, and 
give the definition of Julia sets. The study of the symmetries of Julia 
sets begins in Section 4. We show that the symmetries are birationally 
conjugate to rotational products, and characterize the group of sym- 
metries by functional equations. This section concludes with several 
examples, which include polynomial skew products that are semicon- 
jugate to polynomial products whose Julia sets have infinitely many 
symmetries. We classify the polynomial skew products whose Julia 
sets have infinitely many symmetries in Section 5. We have two main 
theorems for the classification: the case when the map is in normal 
form and the case when it is not in normal form. 

2. Symmetries of Julia sets of polynomials 

In this section, we recall the dynamics of polynomials on C and the 
relevant results on the symmetries of the Julia sets of polynomials. 

Let p{z) = asz^ + as^iz^~^ + ■ ■ ■ + ao be a polynomial of degree 
6 > 2. We denote by p2Pi the composition of polynomials pi and p2: 
P2Pi{z) = P2{pi{z)). Let be the ?7,-th iterate of p. A useful tool for 
the study of the dynamics of p is the Green function of p, 

Gp{z) = lim 5-"iog+|j9"(2)|. 

It is well known that the limit Gp is a nonnegative, continuous and 
subharmonic function on C. By definition, Gp{p{z)) = 6Gp{z). More- 
over, Gp is harmonic on C \ Kp and zero on Kp, where Kp = {z : 
{p"'{z)}n>i bounded}, and Gp{z) = log \z\ + log \as\ + o(l) as z — )■ 
oo. This is the Green function for Kp with a pole at infinity, determined 
only by the the compact set Kp. This function induces the Bottcher 
function ipp defined near infinity such that (Pp{z) = z + 0{l) as z oo, 
log \c(pp{z)\ = Gp{z), where c = '^-^/a^, and ifp{p{z)) = as{(fp{z)Y. 

Let us recall some objects and results of the symmetries of the Julia 
sets of polynomials on C. For further details, see [T]. We define the 
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Julia set Jp of p as the boundary dKp, and consider conformal func- 
tions as the symmetries of Jp. Since Jp is compact, such functions are 
conformal Euclidean isometrics. Hence the group of the symmetries of 
Jp is defined by 

Sp = {(T G -E : a{Jp) = Jp}, 

where E = {cr(z) = CiZ + C2 : |ci| = 1, Ci, C2 G C}. The centroid of p is 
defined by 

^ _ —as-i 

If the solutions of p{z) = Z are zi,Z2,--- ,zs, then p{z) = as{z — 
zi){z — Z2) ■ ■ ■ {z — zs) + Z and so the center of gravity of the points Zj 
coincides with (. It is known that each symmetry a is a rotation about 
the centroid of p. 

Proposition 2.1 ([H Theorem 5]). For any symmetry a in Hp, there 
exists n in the unit circle such that a{z) = fi{z — C) + C- 

We can characterize Sp by the unique equation. 

Proposition 2.2 ([U Lemma 7]). It follows that T,p = {a E E : pa = 
a^p}. 

By Proposition 12.11 the group Sp is identified with a subgroup of the 
unit circle S^. This group is trivial, finite cyclic or infinite. We have a 
sufficient and necessary condition for Hp to be infinite. 

Proposition 2.3 ([H Lemma 4]). The group Sp is infinite if and only 
if p is affinely conjugate to , or equivalently, if Jp is a circle. In this 
case, Sp consists of all rotations about (. 

We say that p is in normal form if = 1 and a^^i = 0, so that 
the centroid is at the origin. We may assume that p is in normal form 
without loss of generality because p is conjugate to a polynomial in 
normal form by the affine function z — )■ c{z — Q, where c = ^'^yas. 
With this terminology, we can restate Proposition 12.31 as follows. 

Proposition 2.4. Let p be in normal form. Then Sp is infinite if and 
only if p{z) = z^ , or equivalently, if Jp = S^. In this case, Sp ~ S^. 

We can completely determine the group Sp even if it is finite. 

Proposition 2.5 ([T| Theorem 5]). Let p be in normal form. Then the 
order of Sp is equal to the largest integer m such that p can be written 
in the form p{z) = z'^Q{z^) for some polynomial Q. 
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The tools for the proofs of these facts are the Green and Bottcher 
functions of p. We generahze Propositions 12. II and 12.21 in Section 4, and 
Propositions 12.31 and 12.41 in Section 5. We use Proposition 12.51 to prove 
a lemma in Section 5. 



In this section, we recall the dynamics of polynomial skew products 
on and give the definition of Julia sets. 

3.1. Polynomial skew products. A polynomial skew product on 
is a polynomial map of the form f{z,w) = {p{z),q{z,w)). Let 



\ q{z,w) = q^{w) = hd{z)w'^ + hd^i{z)w'^ ^ H h&o(-2), 

and let hd be a polynomial in z of degree / > 0. We assume that 5 >2 
and d > 2. As in [3J, we say that / is nondegenerate if bd is a nonzero 
constant. 

Let us briefly recall the dynamics of polynomial skew products. 
Roughly speaking, the dynamics of / consists of the dynamics on the 
base space and on the fibers. The first component p defines the dy- 
namics on the base space C Note that / preserves the set of vertical 
lines in C^. In this sense, we often use the notation qz{w) instead of 
q{z,w). The restriction of /" to vertical line {z} x C is viewed as the 
composition of n polynomials on C, ■ ■ ■ qp{z)qz- Therefore, the 

n-th iterate of / is written as follows: 



where = ■ ■ ■ qp{z)qziw) . 

3.2. Green and Bottcher functions. It is well known that for a 
polynomial p, the Green function of p is well defined and useful for 
studying the dynamics of p. In a similar fashion, we define the fiberwise 
Green function of / as follows: 



Favre and Guedj [2] showed that the limit Gz defines a local bounded 
function on i^p x C such that Gp(^z){.(lziw)) = dGziw). In fact, they 
used the limit lim„_j,oo (i"" log where = \w\ + 1, which 

coincides with Gz on Kp x C However, it is not continuous in general. 
If &^^(0) n = 0, then it is continuous on Kp x C. We define Kz = 



3. Dynamics of polynomial skew products 




nz,w) = {p-{z),Q:{w)), 



Gz{w) = lim c/-"log+|Q:H|. 
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{w : Gz{w) = 0}, which is nonempty for any z in Kp. To describe Gz 
more precisely, define 

oo _ 
ra=0 

It belongs to L^{^p), where fip is the Green measure of p. For fixed 
z in Kp \ {$ = — oo}, the function is nonnegative, continuous 
and subharmonic on C. More precisely, it is harmonic on C \ Kz and 
Gz{w) = \og\w\+^{z)+Oz{l) as w ^ oo. This is the Green function for 
the compact set Kz with a pole at infinity. We remark that Kp \ {$ = 
—00} is forward invariant under p; that is, p{Kp \ {$ = —00}) C 
Kp\{<!> = -00}. 

The fiberwise Green function Gz induces the fiberwise Bottcher func- 
tion (fz, which is useful to investigate the symmetries of Julia sets. 

Lemma 3.1. For every z in Kp \ {$ = — cxd}, there exists a unique 
conformal function ipz defined near infinity such that 

(i) (Pziw) = w + Oz{l) as w ^ 00, 

(ii) \og\cz^Pziw)\ = Gziw), where Cz = exp{^{z)), 

(iii) Lpp(^z){qz{w)) = bd{z){ipz{w)Y- 

3.3. Julia sets. In this paper, we consider the following Julia set: 

^/ = u ^ 

Here we define dKz = if Kz = C. We call dKz the fiberwise Julia set. 
Hence Jf is the union of the fiberwise Julia sets over the base Julia set 
Jp. It follows that Jf is forward invariant under /; that is, /(J/) C J/. 
If b^^{0) n Jp = 0, then Jf is completely invariant under /. Moreover, 
Jf is compact if and only if &^^(0) fl Jp = 0. 

The following subset of Jp plays an important role in the proofs: 

j; = JA{^ = -oo}. 

Note that J* is dense in Jp because it contains most periodic points. 
For any 2; in J*, the limits Gz and (fz are well defined. In addition, J* 
is forward invariant under p, and more precisely, J^ \p( J*) C p(6^^(0)). 

There is another Julia set of / that might be appropriately called 
the Julia set of /. Favre and Guedj P] showed that the closure 

U {z} X dKz 

coincides with the support of the Green measure of /. Similar to J/, 
this Julia set is compact if and only if b^^{0) H Jp = (I). 
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Remark 3.2. The same results hold for the symmetries of the last 
Julia set i/6^^(0)n Jp = 0, or if it holds that contains the restriction 
of the last Julia set to {z} x C for any periodic point z in J*. 



4. Symmetries of Julia sets 

In this section, we consider suitable symmetries of the Juha set of a 
polynomial skew product /. As a symmetry, we consider a polynomial 
automorphism of the form 7(z, w) = (71(2;), 72(2, w)) that preserves Jf. 
Since 71 is conformal, 71(2;) = Ciz + C2, where Ci and C2 are complex 
numbers. Since Jp is compact, |ci| = 1. Since 72 is conformal on each 
fiber, 72 (-2, w) = c^w + c^i^z), where C3 is a complex number and C4 is a 
polynomial in z. Since Kz is compact for some z in Jp, it follows that 
Ical = 1. Therefore, we define the group of the symmetries of Jf as 



Tf = {jeS: 7(J/) = Jf}, 



where 



C J I ^ \ I C1Z + C2 \ I I II 

^=\^[w ) = [c,w + c,{z) )--\'^\ = \'^\ 

Let us denote 7 in Tf by {a{z),'yz{w)). Since a preserves Jp, it follows 
that a belongs to Sp. By definition, •jzidK.^) = dK„(^z) and so 7^(7^2) = 
K^(^z) for any z m. Jp. 

4.1. Centroids. As defined in Section 2, we define the centroids of / 
as 

A -«<5-i A -hd-i{z) 

C = and Cz 



5as dhd{z) 
Although is a constant, C,z is a rational function in z. If / is nonde- 
generate, then C,^ is a polynomial. 

The fiberwise Bottcher function ip^ relates to the centroid Cz- The 
following proposition follows from {i) and {Hi) in Lemma [3.11 

Lemma 4.1. It follows that ipz{w) = w — + Oz{l) for any z in J*. 

We first show that a symmetry 7 is birationally conjugate to a rota- 
tional product, which generalizes Proposition 12.11 

Proposition 4.2. For any 7 inV f, there exist fi and v in such that 
where a{z) = fi{z — C) + C belongs to Sp. 
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Proof. Let us denote 7 in F/ by (cr(2), 72(w)). It follows from Proposi- 
tion |5TT] that cr{z) = ji{z — C) + C for some /i in S^. 

Fix any 2; in J* \ {hct{(y{z)) = 0}. It then follows from Lemma [4.11 
that 

(1) ip^{w) = w - Cz + Oz{l), 

since z belongs to J*. Although K„(^z) is compact, we do not know 

whether G'o-(z) is the Green function of K„(^z)- However, Gai^z) '■= Gzlz^ 
is so. Let <^cr(^) be the fiberwise Bottcher function corresponding to 
Ga{z)- We show that 

(2) (p^(^z){w)=W-Ca{z)+Oz{l). 

Define = G',.p(,) := Gp^z)%lz)%l(z)- ' ' ^l^^y which is also 

the Green function of the compact set K^p(^z)- Let ^pa(z) be the fiber- 
wise Bottcher function corresponding to G'pcr(z)- It follows from the 
assumption 6^(0" (2;)) 7^ that q^(^z) maps -ft'o-(z) onto Kp^i^^) ^-nd that 
'fpa{z){qa(z){w)) = bdia{z)){(p^^z)iu;)Y. Hence we get equation (2). 

Now, let us induce the required formula. Since Ga{z)lz and G^ are 
the Green functions for with a pole at infinity, it follows from the 
uniqueness property of the Green functions that Ga{z)1z = Gz- Hence 
Lemma [XT] implies that Ca-(z)'fa{z){'lz{w)) = VzCzVziw) for some Vz in 
S^. Because '~iz{w) = c^w + Ci{z), the ratio of UzCz and Ca-{z) is equal to 
the constant C3. Hence, replacing C3 by u, we have the equation 

0a{z){lz{w)) = iy(Pz{w). 

Combining this equation and equations (1) and (2) yields 

Iz - Cct{z) + Oz{l) = V{W -C,z + Oz{l))- 

Therefore, by comparing the regular terms in this equation, it follows 
that -iz{w) = uiw - Cz) + Ca{z) on j; \ {bdia{z)) = 0} x C. 

Finally, we extend this equation to C^. The left side 72 (w) is holo- 
morphic on and the right side ulw — (z) + Ccr{z) is holomorphic 
on {z : bd{z)bd{(j{z)) 7^ 0} x C. By identity theorem of holomor- 
phic functions on horizontal lines, the equation above holds on the 
complement of the finite fibers. By Riemann's removable singularity 
theorem of holomorphic functions on horizontal lines, z/(w — (z) + Ca(z) 
is also holomorphic on C^. Indeed, it is a polynomial on C^. Therefore, 
-fz{w) = u{w - Cz) + Ca{z) on C'^. □ 

Corollary 4.3. It follows that a preserves the set G Jp : Cz = 00}, 
where a is the first component of 'j in Tf. 
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By Proposition 14.21 we can identify T f with a subgroup of the torus: 

We use the notation = instead of ~ hereafter. By definition, is a 
subgroup of Sp X 5*^ More practically, the birational map {z,w) — )■ 
{z — (,w — (z) conjugates the symmetry 7^^,^ in F/ to a rotational 
product j{z,w) = (fiZjUw). 

4.2. Normal form. As in Section 2, we say that / is in normal form 
if p and bd are monic and as-i and ba-i are the constant 0. Roughly 
speaking, the normality of / is equivalent to those of p and g^- Hence 
if / is in normal form, then the centroids are at the origin. 

Unlike the cases of polynomials and nondegenerate polynomial skew 
products, we may not assume that / is in normal form without loss of 
generality. However, we can normalize / to a rational map as follows. 
Define h{z,w) = {ci{z — (),C2{w — (z)), where cl~^ is equal to as, the 
coefficient of the leading term of p, and c{c2~^ is equal to the coefficient 
of the leading term of bd. Then h is a birational map. Let / be the 
conjugation of / by h: hf = fh. This rational map satisfies all con- 
ditions in the definition of normality. Hence we call / the normalized 
rational skew product of /, which appears in Section 5.2. 

4.3. Functional equations. Under some assumptions, we character- 
ize Fj by functional equations including the iterates of /, which gener- 
alizes Proposition 12. 2[ 

Although the group Sp of a polynomial p is characterized by the 
unique equation per = a^p, our characterization of F/ needs infinitely 
many equations as in [3l Lemma 3.2]. We saw in Proposition 14.21 that 
7 in Fj can be written as 

Thus define £f = {•y E S : /"7 = 7^/'^ for Wn > 1}, where 

Unlike the nondegenerate case, we need some assumptions for Fj to 
coincide with Sj, which may be removable. 
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We first provide a lemma about certain symmetries of tlie polyno- 
mial bd- In the proofs of Lemma 14.11 and Proposition \4.2\ we used the 
following commutative diagram: 



p{z) 



fp{z) 



7z 



> K 



a{z) 

'f'rT(z) 



K: 



pa{z) 

^pa(z) 



bd{<T{z))w'^ 



for any z m. J*\ {bd{o-{z)) = 0}. Although ip^ may not be defined 
on = C \ Kz, it is defined near infinity. Since pa = a^p, it fol- 
lows that la^-ipiz) ■ ■ ■lap{z)lp(z){Kp(^z)) = K^Sp^^) = -^^^7(2) • Therefore, 
\bd{o'{z)){i'wY\ = \bd{z)w'^\ and so we have the following lemma. 

Lemma 4.4. It follows that \bd{(y{z))\ = \bd{z)\ for any symmetry a 
and for any z in J*\ {bd{(y{z)) = 0}, where a is the first component of 
7 inTf. 

We use this lemma to prove the main theorems in the next section. 
It is natural to ask whether the equation bd{<7{z)) = jjJ'bd^z) holds or 
not, where / is the degree of bd- In the following proposition, we assume 
some conditions that guarantee this equation. 

Proposition 4.5. Ifp is in normal form and bd{z) = z\ then C £f. 
Moreover, a preserves J*, where a is the first component of ^ in Tf. 

Proof. Let us denote 7 in Tf by {a{z),-yz{w)). Although a{z) = fiz 
and bd{z) = z', we use original notations a and bd- It follows from 
Proposition 12.21 that pa = a^p and so p"'a = a^^p"-; that is, p"'{a{z)) = 

/"(p"(z)-C) + C. 

We first show that /7 = 71/. Fix any ^ in J* \ {bd{a{z))bd{pa{z)) = 
0}. It follows from the commutative diagram above that ^Pp{z){(lz) = 
bd{z)ipi and ^pa{z){qa{z)lz) = bd{a{z))u'^Lpf. Thus bdiz)(pp^^z)iqaiz)lz) = 
bd{a{z))i''^LPp(z){qz) 1 which implies that 

bd{z){q^(z){lz{w)) - Cpa[z)) = bd{a{z))u'^{qz{w) - Cp{z)) 

on J* \ {bd{a{z))bd{pa{z)) = 0} x C. As in the proof of Proposition 
14.21 we can extend this equation to C^. By assumption, 

bd{a{z)) = iJ%{z). 

Therefore, qa(z)ilziw)) = /i'z/"'(g^(u;) - Cp(2)) + Cpa(z)- 

Next, we show that /"7 = 7n/" for any n > 2. Let D = {z : 
bd{z)bd{a{z))bd{pa{z)) = 0}. Although we do not know whether 71 be- 
longs to F/, similar arguments as above induce the equation Q^(^)(72('U^)) 
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= ^^^'+''^'v''\Ql{w) - Cr>Hz)) + CpM^) for any z in J* \ U]^oP^{D). Sim- 
ilarly, we have the equation Q'^i^z)^lz{w)) = ^'•"u'^" {Q^{w) — Cp"iz)) + 
Cp"(7{z) for any z in J* \ U"^oV(D), which extends to C^. 

Finally, we show that cr preserves J*. It follows from the equation 
bdia{z)) = fx%{z) that = Thus ^a{z)) = 

$(2;) and so a preserves J* = Jp \ {$ = 0}. □ 

With a slight change in the proof, we can replace the assumption in 
this proposition with the assumption that / is in normal form and q is 
not divisible by any polynomial in z. 

The following corollary of Proposition 14.51 is useful to determine F / 
for a given map /. In fact, we use this corollary to calculate the groups 
of symmetries for some examples in Section 4.4 and to prove the main 
theorems in Sections 5.1 and 5.2. 

Corollary 4.6. /// is in normal form and hd{z) = z\ then 

q{fiz,uw) = fJu'^q{z,w) 

for any 7(2;, w) = {fiz, vw) inV j. 

For the inverse inclusion, we have the following statement. 

Proposition 4.7. Ifh^^ifd) nJp = ^ or bd-i{z) = 0, then TfDSf. 

Proof. Let us denote 7 in £f by {a{z),'~fz{w)). It then follows that 
Gp{a{z)) = Gp{z) and so <j{Jp) = Jp- 

First, we consider the case bd-i{z) = 0. Then the equation /"7 = 
7„/" implies the equation Q^^^-^lz = fi^"i^'^"Q^ for any z in C. Hence 
Ga{z)lz = Gz and so 72(7^2) = K„(^z) for any z in Kp. Therefore, 
l{Jf) = Jf- 

Next, we consider the case h^^{Q)r\Jp = 0. The equation f^'j = 'jnf '^ 
implies the equation Q"(^z)i^ziw)) = (Q'^iw) - Cp"(^)) + Cp^aiz)- 

Since ^^^^(O) fl Jp = 0, the centroids Cp"(2) and Cp"(t(z) are uniformly 
bounded for any z in Jp and for any n > 1. Hence Ga-{z)1z = Gz for 
any 2; in Jp, which completes the proof. □ 

Combining Propositions 14.51 and 14.71 we get sufficient conditions for 
F/ to coincide with Sj. 

Corollary 4.8. Assume that f satisfies one of the following conditions: 
(i) f is in normal form and q is not divisible by any polynomial in z, 
{ii) f is in normal form and bd{z) = 2', (iii) p{z) = z^ and bd{z) = 2;'. 
Then V j = £f. In particular, Tj is compact, and 'jn belongs to Tj for 
any n >1 if belongs to Tf. 
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4.4. Examples. Let us provide some examples of the groups of sym- 
metries. For a map / of examples below, we look for as follows. 
The symmetries of Jj, i.e., the pairs of the two numbers in the torus, 
have to satisfy the equation in Corollary 14.61 Moreover, by Corollary 
14. 8[ the pair of two numbers satisfying the equation in Corollary 14.61 
belongs to F/ if and only if it satisfies the infinitely many equations in 

Example Let f\z,w) = {z^ , zw"^ + z) . Then T f = {{jj,, u) : jj,'^ = 

z/2 = l} = {(l,l),(-l, -1), (1,-1), (-1,1)}. Moreover, let g{z,w) = 
(2;^, zw"^ + 2z'^w + z) . Then it is conjugate to f by h{z, w) = {z,w — z) : 
hf = gh. Hence Vg = {{z, w), {—z, —w), {z, —w — 2z), {—z, w + 2z)}. 

Example 4.10. Let f{z,w) = {z^ - l,;zW). Then Tf = {±1} x S\ 

Example 4.11. Let f{z,w) = {z^ , zw'^ + z^) . Then Tf = {(/i,z^) : 
= z/^ G S^}. Moreover, f is semiconjugate to fo{z,w) = {z'^,w'^ + l) 
by 7r{z, w) = (z, zw) : vr/o = fn. 

Example 4.12. Let f{z,w) = {z^.z^w^ + zw'^ + w^). Then F/ = 
{(/i, z/) : n = G S^}. Moreover, f is semiconjugate to fo{z,w) = 
(2;^, + + w"^) by tt{z, w) = {z, z~^w) : vr/o = /^i"- 

Although the map / below does not satisfy any condition in Corollary 
14. 8[ it again follows that F/ = Sf. 

Example 4.13. Let f{z,w) = {z^ , {z^ — T)w'^), where I > 1. It follows 
from Proposition \4. 7| that Fj D {/i' = 1} x 5^. Let a{z) = fiz be the 
first component of '-f inVf. Lemma \jm implies that — 1| = 1^;'- 1| 
on a dense subset of Jp = . Hence /i' = 1 and soTf = {/i' = 1} x 5^. 

In particular, the groups of symmetries of Examples I4.10[ I4.1H 14.121 
and 14. 13] are infinite. 

5. Infinite symmetries 

In this section, we classify the polynomial skew products whose Julia 
sets have infinitely many symmetries. We first show that these maps 
in normal form are classified into four types in Section 5.1. We then 
remove the assumption of normality and show that the normalized 
rational skew products of these maps are also classified into four types 
in Section 5.2. 

These maps include polynomial skew products that are semiconju- 
gate to polynomial products such as those given in Examples 14.111 and 
14.121 The following lemma gives a sufficient condition of a polynomial 
map {z^ ,q{z,w)) to be semiconjugate to a polynomial product. 
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Lemma 5.1. Let q{z,w) be a polynomial. If there exist nonzero inte- 
gers r and s and positive integer 6 such that q{z"^.,z^w) = z^^q{l,w), 
then (z^ , q{z , w)) is semiconjugate to (z^ , q{l,w)) hyn^z^w) = {z''',z^w), 

2 (z\q(l,w))^ ^2 



^2 (^^g(^''^))^ (^2 

Moreover, q consists of the terms of the form CjZ^^w^ , where Cj is a 
constant and rij = {6 — j)s/r for < j < degq. 

The former statement of this lemma holds even if g is a rational 
function; we apply this lemma for the normalized rational skew prod- 
ucts in Section 5.2. The equation uj = {S — j)s/r follows from the 
identity rrij + sj = s6. 

5.1. Classification of the maps in normal form. We first assume 
that polynomial skew products are in normal form and classify the 
maps whose Julia sets have infinitely many symmetries. 

Theorem 5.2. Let f be in normal form. Then Tf is infinite if and 
only if one of the following holds: 

(i) f{z,w) = {z^,z'-w'^), 

(ii) f{z,w) = {z^,q{w)), 

(iii) f{z,w) = {p{z),hd{z)w'^), 

(iv) f{z,w) = {z^ ,q{z,w)) and it is semiconjugate to {z^ ,q{l,w)) by 
7t{z,w) = (z^jZ'^w) for some nonzero coprime integers r and s. 
If I = 0, then 6 = d and s/r > 0. If I ^ 0, then 5 ^ d and 
s/r = l/{5-d). 

To avoid overlap, we assume that q{w) ^ w'^ in (ii), p{z) ^ z^ or 
bd{z) 7^ z'' in (iii), and q{z,w) ^ bd{z)w'^ in (iv). 

Proof. If / is one of the four maps above, then clearly is infinite; 
see Proposition 15.41 below for details. 

Let us show that if is infinite, then / is one of the forms from 
(i) to (iv). Let F = Fj be infinite. Then we have three cases: 7r^(F) 
is finite, 7r^(F) is finite, or 7Tz{^) and 7r^(F) are both infinite. Here vr^ 
and TT^ are the projections to the z and w coordinates, respectively. 

We first show that vr2(F) being finite induces (iii). If iiziX) is finite, 
then F contains {1} x since it is an infinite subgroup of x 
and since is closed for any z in Jp. Thus Jz is a circle Cz about the 
origin for any z in J*. Fix any z in J*. For some number Rz depending 
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on 2, a map RzW'^ maps Cz to Cp(^z)- Hence Gp(^z)(y<lz(yW)) = dGziw) = 
Gp(z){RzU!'^) and so 

<^p{z){qz{w)) d Vp(z){RzW'^) 

Therefore, qz{w) = hd{z)w'^ on J* x C. It follows that qziw) = bd{z)w^ 
on from the uniqueness theorem of holomorphic functions on hori- 
zontal lines, which satisfies [iii). 

Let 7r^(r) be infinite. Then p{z) = and Jp = S^. Moreover, we 
show that bd{z) = zK By Lemma 1131 for any z in J* \ {bd{(j{z)) = 0}, 
it follows that \bd{fJ.z)\ = \bd{z)\ for any /i in a dense subset 7iz(X) of 
S^. Thus bd maps a circle about the origin to a circle about the origin 
because it is polynomial. Therefore, bd{z) = z^ since it is monic. In 
particular, 6j^(0) fl Jp = 0. Thus J/ and F/ are compact. 

We next show that Hw^^ being finite induces [ii). If 7ru,(r) is finite, 
then r contains x {1} since it is compact. Thus fiverwise Julia sets 
over Jp are all the same Julia set J, and so the polynomials of the 
form qz{vS) on fibers over Jp differ only in terms of the symmetries of 
J. Because the number of the symmetries of J is finite and because Jp 
is connected, the polynomials on fibers over Jp are all the same. From 
the uniqueness theorem of holomorphic functions on horizontal lines, 
it follows that the polynomials on fibers over C are all the same, which 
satisfies 

Now we assume that 'Rz^) and 7r^(F) are both infinite. Since bdi^z) = 
z\ if qz consists of the unique term bd{z)w'^, then f{z,w) = {z^, z^w'^), 
which satisfies (i). We show that the assumption qziw) ^ bd{z)w^ 
implies (iv). It follows from Corollary 14.61 that q{fiz, vw) = iJ'u'^q[z,w) 
for any (/i, z/) in F. Therefore, if q contains the term z^^w"^^ with a 
nonzero coefficient for rrij < d, then fi and u are related by fi^^u"^^ = 
jj'ij'''. The equations ff-^'^ = z/'^~'"j and /i*^'"' = z/'^~'"' implies that 
^(nj~'i)(d~mi) ^ ^(ni~'i)(d-mj) ^ which implies that {rij — l){d — mi) = 

{rii — l){d — iTLj) since we may assume that ^ 1 for any integer 
n 7^ 0. Thus the ratio of rij — I and d — rrij does not depend on j. Let s 
and r be nonzero coprime integers whose ratio is equal to that of rij — I 
and d — rrij, 

rij — I rii ~l s 
d ~ rrij d — mi r ' 

which induces the equation q{z^,z^w) = z^''~^^'^q{l,w). Note that if 
/ = 0, then s/r > since mj < d. 

Moreover, we show that if / = 0, then 6 = d. It follows from Corollary 
iSlthat belongs to F for any (/x, z/) in F. Thus {l,u'^-^) = 
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(/i'^, u^) — (/i^, u^) belongs to T. Since (1, belongs to T for any 

integer n, if we suppose that 6 ^ d, then it follows that F contains {1} x 
5*^, which implies that Qziw) = w'^. This contradicts the assumption 
qz{w) 7^ bd{z)w^. Therefore, 6 = d and so q{z^,z^w) = z'^^q{l,w), 
which implies (iv) as in Lemma 15.11 Let us show that if / 7^ 0, then 
S ^ d and s/r = — d). Let aj be an integer such that nj — I = ajs 
and d — rrij = ajr and let a be the greatest common divisor of aj. 
By definition, we obtain the inclusion relation F C {fi"""^ = u"-^}. It 
follows from Corollary 14.81 that (/i*^, /i'//"^) belongs to F for any (/i, i^) 
in F. Thus (1, /i'l/^"'') = - belongs to F. Since F C 

{/i""* = u"-^}, we have {fJu'^'^Y''' = l"'^ = 1. Substituting u = fx"-^/"-^, we 
get ^a{r«+s(d-<5)} ^ ^ ^1 _|_ _ ^) = 0. Since / 7^ 0, we conclude 

that 5 ^ d and s/r = l/[5 — d). Therefore, q{z'^,z'^w) = z'^^q{l,w), 
which implies [iv) as in Lemma [5. II □ 

In [21 Section 6.2], Favre and Guedj studied the dynamics of poly- 
nomial skew products of the form {iii). To add more informations 
about polynomial skew products whose Julia sets have infinitely many 
symmetries, we provide the following lemma and proposition. 

Lemma 5.3. Let f be of the form (iv) in Theorem \5.S\ and let a be the 
greatest common divisor in the proof of Theorem \5.2 . Then the order 
is equal to the absolute value of ar. 

Proof. Let q{l,w) = w'^+Ciw'^^+C2W™''^ + - ■ where 
d > nil > ^2 > ■ ■ ■ > rrit. Since q{l,w) = nj'^t [yj'^-'^t -)- ciw™'^"™'* + 
Cgw^-^-mt _|_ . . ._|_g^__^y^mi_i-mi -^^ follows from Propositiou 12.51 that 
the greatest common divisor of {d—rrit, rrii—mt, ■ ■ ■ , mt-i—mt} is equal 
to the order of „,). Since d — rrij = ajr, where Oi < 02 < ■ ■ ■ < a^, 
we have d — rrit = atr and nij — rrit = {at — aj)r. Denoting by gcd the 
greatest common divisor, we get gcd {mi — rrit, m2 — rrit, ■ ■ ■ , d — rrit} = 
gcd {{at-ai)r, {at-a2)r, ■ ■ ■ ,atr} = r gcd {at-ai,at-a2, ■ ■ ■ ,at} = r 
gcd {ai, 02, at} = ra. □ 

In Theorem 15. 21 we gave a sufficient and necessary condition, in terms 
of the form of /, for the group Tf to be infinite. These conditions can 
be replaced with the shape of J f or Tf as follows. 

Proposition 5.4. Let f be in normal form. Then Tf is infinite if and 
only if one of the following holds: 

(i) f{z,w) = {z^,z'-w'^), 
(li) f{z,w) = {z^,q{w)), 
(iii) fiz,w) = {p{z),bdiz)w'^), 
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(iv) f{z,w) = {z^ ,q{z,w)) and it is semiconjugate to {z^ ,q{l,w)) by 
n{z,w) = {z^, z'^w) for some nonzero coprime integers r and s. 

To avoid overlap, we assume that q{w) ^ w'^ in (ii), that p{z) ^ z^ or 
bd{z) 7^ z'' in (Hi), and that q{z,w) ^ bd{z)w'^ in (iv). Each condition 
is equivalent to the following: 

(i) ' Jf = S^x S\ 

(ii) ' Jf = S^x J, 
(ill)' Jf = UzejA^} ^ 

for a one- dimensional Julia set J which is not and for a circle 
about the origin. More precisely, J in (ii)' is Jg, a circle in (Hi)' 
is {log|w| = —^{z)}, and J in (iv)' is Jq{i,w)- To avoid overlap, we 
assume in {Hi) ' that Jp is not or Cz is not all the same over Jp. 
We remark that Jj in (i)', (ii)' and (iv)' is compact. Or equivalently, 

(i) " rf = s^x s\ 

(ii) " rf = s^x s, 
(ill)" rf = j:xs\ 

(iv)" Tf = {(/i, u)eS^ X S^: li"" = z/"'-}, 

for a finite group S in and for a nonzero integer a. In particular, 
Tf is compact. More precisely, S in (ii)" is S^, and S in (Hi)" is 
a subgroup of T,p which includes Sp fl {c^z) = jiz : bd^f^z) = fi''bd{z)}. 
Finally, the integer a in (iv) is the greatest common divisor in the proof 
of Theorem \5.2[ 

Proof. As in Theorem 15.21 if is infinite, then / is one of the forms 
from (z) to [iv). 

Let us show the equivalency of (z), (z)' and (i)". It is clear that (z) 
implies (i)', which implies (z)". Let Tj = x S^. Since i^zO^f) is 
infinite, p{z) = z^ and bd{z) = zK Since Tj D {1} x S^, it follows that 
q{z,w) = bd{z)w'^ as in the proof of Theorem 15.21 which satisfies (i). 

Let us show the equivalency of (ii), {ii)' and (H)" ■ It is clear that 
(ii) implies {ii)\ which implies (H)" ■ We saw that (ii)" implies (ii) in 
the proof of Theorem 15. 2[ 

Let us show the equivalency of (Hi), {iii)' and (Hi)" . It is clear that 
(Hi) implies {iii)\ which implies (Hi)" . More precisely, if p{z) ^ z^ , 
then Jp 7^ S"^ and so S is finite. If p{z) = z^ and bd{z) ^ z', then 
the fiberwise Julia sets are not all the same. Otherwise, Y ^ = x 
and so f{z,w) = {z^,z^w'^), which contradicts the assumption {Hi). 
It again follows that S is finite, because S being infinite induces that 
bd{z) = z^ as the proof of Theorem 15.21 We saw that (mz)" implies [iii) 
in the proof of Theorem 15. 2[ 
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Let us show the equivalency of (iv), {ivy and (if)". It is clear that 
{iv) implies {iv)\ which implies {iv)". More precisely, it follows from 
Lemma [5.31 that the integer a in (if)" is equal to the greatest common 
divisor in the proof of Theorem [5^ LetFj = {/x"* = i/"''}. Since 7r2(rj) 
and 7r^^,(rj) are infinite, / is of form (i) or (iv). Since Vf^S^xS^, 
we conclude that / is of form {iv). □ 

5.2. Classification of normalized rational skew products. Now 

we classify the polynomial skew products whose Julia sets have in- 
finitely many symmetries. We saw in Section 4.2 that the birational 
map h{z,w) = (ci(z — (),C2{w — (z)) conjugates / to the normal- 
ized rational skew product /: hf = fh. Note that h also conju- 
gates a symmetry 7, which corresponds to fi and z/, to a rotational 
product 7(2;, w) = (fiZjUw). Let f{z,w) = {p{z),q{z,w)) and let 
q{z,w) = b(i{z)w'^ + bd-i{z)w'^'^ + ■ • ■ + bo{z). Then p and are 
polynomial and bd^i = 0. In fact, p{z) = ci{p{c]^^z + C) ~ C} and 
bd{z) = C2'^{bd{c]^^ z + Q}. Similarly, let Jp and J* be the conjugations 
of Jp and J* under the first component of h. 

Theorem 5.5. Let f be a polynomial skew product whose Julia set has 
infinitely many symmetries. Then the normalized rational skew product 
f is one of the following: 



(iv) f{z,w) = {z^ ,q(z,w)) and it is semiconjugate to {z^ ,q{l,w)) by 
it{z,w) = {z^ , z^w) for some nonzero coprime integers r and s. 
If I = 0, then 6 = d and s/r > 0. If I 0, then 5 ^ d and 
s/r = l/{6-d). 

In the cases from (i) to (Hi), the maps h and f are polynomial. In 
the case [iv), if s/r > then f is polynomial. To avoid overlap, we 
assume that q{w) 7^ in (ii), p{z) 7^ z^ or bd{z) 7^ z^ in (Hi), and 
q{z,w) 7^ bd{z)w'^ in (iv). 

Proof. If / is one of the four maps above, then is infinite. Let 
/ be a polynomial skew product whose Julia set has infinitely many 
symmetries. We show that / is one of the forms from (i) to {iv). Since 
the proof is similar to that of Theorem 15.21 we only give an outline of 
the proof. 

Let r = Fj be infinite. Then we have three cases. First, let 7r^(F) be 
finite; then F includes {1} x 5*^ and so J^ is a circle about the origin 
for any 2; in J*. Hence q = bd{z)w'^, which satisfies (Hi). 



(i) f{z,w) 
(li) f{z,w) 
(ill) f{z,w) 



{z^,z^w'^), 
{z^,q{w)), 
{p{z),bd{z)w'^) 
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If 7Cz(r) is infinite, tlien p{z) = and Jp = S^. Moreover, it follows 
from Proposition 14.41 that hd{z) = zK In particular, Jf and Tf are 
compact and h is homeomorphism on Jp x C since &^^(0) fl Jp = 0. 

Next, let vr^(r) be finite; then F includes x {!}. Hence the 
normalized fiberwise Julia sets over Jp are all the same. Therefore, 
q{z,w) = q{w), which satisfies (u). 

Finally, we assume that 7r^(F) and 7r„,(F) are both infinite. If q{z, w) = 
bd{z)w^, then / is of the form (i). Let us assume that q{z, w) ^ bd{z)w'^. 
Since p{z) = z^ and bd{z) = z'', it follows that 

q{z, w) = z^w'^ + ^ Cjz"'^w"'', 

where Cj is a nonzero coefficient, nj could be negative, and < rrij < d. 
With suitable changes of notations. Proposition 14.51 and Corollary 14.61 
holds for / because major arguments are made on fibers over the base 
Julia set. Thus fw) = fi''h''^q{z,w) for any (/x, z/) in F. The same 
argument as in the proof of Theorem 15.21 induces that q{z^,z''^w) = 
z''^q{l,w) for some nonzero coprime integers r and s. It then follows 
from Lemma [5. II that / is of the form {iv). 

From the commutative diagram hf = fh, it follows that if / is one 
of the forms from (i) to (in), then (z is a polynomial in z. Hence 
h is polynomial and so is /. Let / be the form of {iv) and assume 
that s/r > 0. If g contains the term z^^w^ with a nonzero coefficient, 
then it follows from the identity rnj + sj = s6 or Lemma 15.11 that 
rij = {6 — j)s/r. By assumption, 6 > d > j and so rij > 0. Therefore, 
/ is polynomial. □ 

Let / be a polynomial skew product whose Julia set has infinitely 
many symmetries. Then similar statements as Proposition 15.41 hold for 
J J and Tf. 

We end the paper with a remark. Let f{z, w) = (z^, z'^w'^ + 4zw^), 
which is semiconjugate to fo{z,w) = {z^,w'^ + Aw^) by n{z,w) = 
{z,z~^w). Then h{z,w) = {z,w + z~^) and f{z,w) = {z'^,z'^w^ — 
8z — 2z ^), which are rational. Note that / is semiconjugate 
to fo{z, w) = {z^, w'^ — Gw"^ + 8w — 2) by vr. This example of the form 
(iv) in Theorem 15.51 shows that the normalized rational map in the the- 
orem is not always polynomial. However, toward a description of the 
classification in terms of polynomial maps, we may ask that whether 
a polynomial skew product of the form (iv) in Theorem 15.51 is always 
polynomially conjugate to another polynomial skew product that is 
semiconjugate to a polynomial product. 
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